In this contribution, a design of a synthetic calibration genetic circuit to characterize the relative strength of different sensing promoters is proposed and its specifications and performance are analyzed via an effective mathematical model. Our calibrator device possesses certain novel and useful features like modularity (and thus the possibility of being used in many different biological contexts), simplicity, being based on a single cell, high sensitivity and fast response. To uncover the critical model parameters and the corresponding parameter domain at which the calibrator performance will be optimal, a sensitivity analysis of the model parameters was carried out over a given range of sensing protein concentrations (acting as input). Our analysis suggests that the half saturation constants for repression, sensing and difference in binding cooperativity (Hill coefficients) for repression are the key to the performance of the proposed device. They furthermore are determinant for the sensing speed of the device, showing that it is possible to produce deEmail address: daniel.gamermann@ucv.es (D. Gamermann)
Introduction
One of the fundamental principles of synthetic biology is the construction of biological standardized parts and devices which are interchangeables. A proper characterization of these parts and devices appears as a key issue in order to make them reusable in a predictive way. In the recent past scientists have witnessed several initiatives towards the design and fabrication of synthetic biological components and systems as a promising way to explore, understand and obtain beneficial applications from nature. For instance, in the post genomic era one of the most fascinating challenges scientists are facing is to understand how the phenotypic behaviour of living cells arise out of the properties of their complex network of signalling proteins. While the interacting biomolecules perform many essential functions in these systems, the underlying design principles behind the functioning of such intracellular networks still remain poorly understood [3, 13] . Several initiatives have been reported in this line of thought to uncover some key working principles of such genetic regulatory networks via quantitative analysis of some relatively simple, experimentally well characterized, artificial genetic circuits. It has been shown that custom made gene-regulatory circuits with any desired property can be constructed from simple regulatory elements [4] . These properties include bistability, multistability or oscillatiory behaviour of genetic circuits in various microorganisms such as bacteriophage switch [5] or the cyanobacterium circadian oscillator [6] . As one example, the genetic toggle switch, a synthetic, bi-stable gene-regulatory network in Escherichia coli, was shown to provide a simple theory that uncovers the conditions necessary for bi-stability [11, 12] . Further, artificial positive feedback loops (PFLs) have been used as genetic amplifiers in order to enhance the responses of weak promoters and in the creation of eukaryotic gene switches [14] . Sayut et al. demonstrated the construction and directed evolution of two PFLs based on the LuxR transcriptional activator and its cognate promoter, Pluxl [8] . These circuits may have application in metabolic engineering or gene therapy that requires inducible gene expressions [9, 10] .
The desired performance of these synthetic networks and in turn the resultant phenotype is strongly dependent on the expression level of the corresponding genes, which is further controlled by several factors such as promoter strength, cis-and trans-acting factors, cell growth stage, the expression level of various RNA polymerase-associated factors and other gene-level regulation characteristics [11, 13] . Thus, one important ingredient to elucidate gene function and genetic control on phenotype would be to have access to well-characterized promoter libraries. These promoter libraries would be in turn useful for the design and construction of novel biological systems. There have been several initiatives to control gene expression through the creation of promoter libraries [2, 7] . Alper et al., [1] have reported a methodology to develop a completely characterized, homogeneous, broad-range, functional promoter library with the demonstration of its applicability to analysis of genetic control.
Since Miller published [16] a proposal for a measurement standard for β-galactosidase assays, yet much work has been done with no conclusive standard being established [17, 18, 19] . The main goal in calibration is measuring a query value up to an established standard. A good device should be unique, reliable and easy to use; additionally it should circumvent, to all possible extent, any noise that could alter the measurement. Recently a methodology [20] has been reported to characterize the activity of promoters by using two different cell strains. In the present study we propose the use of a synthetic gene regulatory network as a framework to characterize different promoter specifications by using a single-cell strategy. In this context characterization stands for evaluating the parameters of a query promoter as compared to a standard promoter acting as a scale. The proposed device, the promoter calibrator, works on the principle of comparing a specific input signal which will be sensed by promoters of different sensing strengths and, as an output, produces fluorescence of specific colours which allows quantifying the relative strength of the promoters. Analyses were carried out in order to find out relevant model parameters and the corresponding range of model parameter values which are compatible with the performance of this calibrating biological design over a spectrum of given input .
This contribution is organized as follows: in the first part, "Design", the structure and working principle are explained and the mathematical model resulting from the construction is established. In section 3, "Numerical Anal- Figure 1 : Design of the proposed promoter calibrator. It is composed of two promoters (with two parts each: a sensing and a repressed domain) one of the sensing promoters is the device promoter and the other is the query promoter. The repressed domains are controled by the two repressors proteins (x and y). Each promoter is inhibited by the repressor which is transcribed from the opposing promoter. Fluorescence proteins levels will be proportional to repressor protein levels, which, in turn, will be promoted by the sensing promoters.
ysis of the System", we analyze the dynamics of the model equations in regard to its stability, functional parameter regions and sensitivity or robustness vs. the change in certain key parameter values. In the following section, a proof of concept design is proposed in order to choose the right parameters to actually perform the experimental validation of our concepts and have a system that gives a clear and stable signal that can be interpreted. Finally, the conclusions resulting from our paper are exposed.
Design

Biological principles
Our promoter calibrator is composed of two promoters (each with two parts: a sensing and a repressed domain), two repressors proteins and two fluorescent protein outputs (see Fig. 1 ). Each promoter is inhibited by the repressor, transcription of which is promoted by the opposing promoter. Fluorescence protein levels will be directly related to repressor protein levels, activated in turn by their sensing promoters. Hence, different sensing strengths will cause a difference in the expression of the fluorescence proteins, detectable by means of single cell fluorescence as changes in the color patterns of the individual cell or cell sample.
In our scheme, one of the sensing promoters acts as the device promoter to which the strength of a given query promoter is quantitatively compared.
The main use of this device is to characterize different promoter specifications (sensing affinities and cooperativities) compared to some standard. One of the main usefulness of this design lies in the potential modularity of the system: by changing the sensing part of the promoters, other sensing promoters could be calibrated; this change can be carried out by a simple, straightforward cloning step. Modularity also boasts the potential of this device as it can be implemented in a potentially unlimited set of systems.
Mathematical model
The behaviour of the proposed promoter calibrator can be understood via an effective mathematical model. The model is considered to be effective as transcription and translation have been modeled as a lumped reaction. The separation of transcription and translation otherwise involves a response delay. We seek to classify dynamic behaviors depending upon the change in model parameters and determine which experimental parameters should be fine-tuned in order to obtain a satisfactory performance of our device.
The time dependent changes in repressor and sensing protein (input) concentrations is shown in equations (1-3). Subsequent to the biological design, reporter protein concentrations are directly related to repressor protein concentrations.
The device and query promoters activate the production of repressor protein x and y, respectively, and their concentration is related directly to the concentration of fluorescence proteins. Thus these variables will be treated as equivalent from the modelling point of view. Parameters α 1 and α 2 represent the effective rate of synthesis of repressor proteins x and y, respectively; α is a lumped parameter that takes into account the net effect of various activities such as RNA polymerase binding, RNA elongation and termination of transcript, ribosome binding and polypeptide elongation and will be modified by repression and sensing effects. The β x , β y and β ps are the degradation constants of repressor protein x, repressor protein y and sensing protein p s , respectively. The sensing protein concentration p s will depend on the sensed input, will be easy to change in a given experiment and is used as the main input variable in our calibrator experiments. It is important to note that a slow rate of degradation is assumed for the sensing protein, implying a nearly constant level over a reasonable experimental time interval. Basal level rates of synthesis of proteins x and y are denoted by γ x and γ y , respectively.
Repressor and sensing responses are assumed to follow Hill equation dynamics: promoter-binding monomers form multimers by positive allosterism and attach to its cognate promoter with saturating behaviour. Binding cooperativities are described by Hill coefficients n x and n y for repressor domains corresponding to x and y respectively, and n 1 and n 2 for sensing domains corresponding to device and query promoter respectively. The extent of the saturation rate is described by half saturation constants or Michaelis constants, denoted by parameter k x and k y for repressor domains corresponding to x and y respectively and k 1 and k 2 for sensing domains corresponding to device and query promoter respectively. The total number of promoter sites is assumed to be conserved and the total concentration of both promoters is chosen to be identical.
In our construction, the crossrepressing part will be kept unchanged while different sensing domains may be attached to it. The aim is to establish a protocol to accurately quantify differences between the sensing promoter parameters (α 1,2 , k 1,2 ). Crossrepression parameters (k x,y , β x,y and n x,y ) are structural parameters that must be chosen in such a way that the fluorescence response of the system gives us stable, sensitive and robust indication about the quantitative relations between the sensing promoter parameters. The dynamic analysis of the system will help us to take the right decisions on which are the most appropriate values for these structural parameters. The next sections are devoted to the dynamical analysis in order to determine the sensitivity and robustness of the system for different ranges of the structural parameters.
The commercial software package Mathematica (Wolfram), was used for model development and simulation. In the numerical calculations we have used the following dimensionless variables:
therefore, the units in the plots of the figures in this work are given in units of k x or k y for the x and y repressor proteins concentrations and time in units of
. For the adimensional variables, Equations (1-2) take the form:
where R is the ratio βy βx .
Numerical analysis of the system
The simplifying assumption of considering sensing proteins for which the degradation constant β ps is much smaller than the rest (β ps ≪ β x , β y ) was made in order to classify the possible dynamic scenarios of our model. Given this assumption, in a first order of approximation we have, dp
In such approach, the concentration of sensing protein p s is constant during the evolution time of the rest of the internal variables of the system. This assumption leads to a system of two autonomous coupled non-linear ordinary differential equations dependent on the variables x and y, eqs. (9) (10) , in which p s is fixed although it can be easily changed within a given experiment. This is not true for the rest of parameters which are more difficult to modify in a given experiment. This approximation transforms the system into:
where the new parametersᾱ 
In the limit in which the constants k x,y , β x,y , γ x,y are equal, this equations describe the biological equivalent of an electronic comparator, that is, a device which compares two voltages or currents and switches its output to the larger signal. In the biological equivalent, our comparator would select for the larger of the twoᾱ's, as exemplified in Fig. 2 , which represent the evolution of the system for the cases in which the query promoter has a higher and lower effective transcription factor compared to the device promoter, respectively.
In any case, our aim is to construct a device, termed a calibrator, which not only selects the stronger affinity but also allows quantifying the relative strength of both promoters. Although the comparator is a fundamental part of this device, a deeper understanding of the dynamics of the system is required for its application as a calibrator device in real biological environments.
Dynamic analysis of the calibrator
The dynamical analysis of the system given by Eqs. (12-13) requires the determination of its steady state solutions and their linear stability. The steady states (x ss , y ss ) are given by the intersection of the null clines: and
The analytical solution of Eqs. (15-16) cannot be obtained, hence numerical methods must be used. The linear stability of the steady states is determined by the sign of the eigenvalues of the Jacobian matrix,
which are given by
From the analysis of the previous equations (15-16), we deduce that, for the positive steady state solutions (X ss > 0 and Y ss > 0), the following mathematical constraints hold:ᾱ
respectively. Thus, taking into account (18) (19) , we observe that ∆ > 0 and λ − is always negative. However, λ + can be either negative, for ∆ > R, or positive, for ∆ < R, resulting in either stable nodes (sinks) or unstable saddles, respectively. The condition ∆ = R is satisfied at certain critical values of the parameters at which precisely one of the steady state solutions of the system changes its stability.
In order to highlight the specific aspects of the calibrator dynamics, we will in the following sections consider a number of special cases. Specifically we will examine the (fully) symmetrical calibrator,ᾱ
may differ. At the end of the section some general considerations about dynamics of the system in the most general case will made.
The fully symmetrical calibrator (ᾱ
′ ) From the analysis of Eqs. (15) (16) it is shown that there is always a fixed point with Y ss = X ss and that there exists a minimum value of X m such that for parameters resulting in X ss > X m , three steady states exist, otherwise only one. Usingᾱ ′ as free parameter and taking fixed values for the rest, i.e., n, R andγ, the condition ∆ = R = 1, together with Eq. (15), allows to obtain the critical valuesᾱ ′ m and X m that characterize the appearance of the bifurcation, namely: This analysis shows that the (fully) symmetrical calibrator possesses three fixed points forᾱ respectively. This behaviour is typical of the occurrence of a (supercritical) pitchfork bifurcation and bistable behaviour. In a calibrator experiment the initial value of the repressor protein concentrations x and y would be zero and hence the phase plane trajectories would depart from the origin in Figure 4 . For values ofᾱ ′ larger thanᾱ ′ m , the system becomes unpredictable, as small perturbations in the trajectories would potentially push the system into any of the attraction basins of the sinks x R and x L .
The partially symmetrical calibrator
We consider now the more general scenario in whichᾱ ′ 1 andᾱ ′ 2 may differ being the rest of variables equal (n x = n y = n, k x = k y = k, β x = β y = β andγ x =γ y =γ). The condition ∆ = R which characterizes the occurrence of the pitchfork bifurcations now reads: 
=
that shall be solved together with Eqs. (15) (16) for the fixed points of the system. , it is the unstable saddle, and small perturbations in the system will drive the system away from this solution to either of the other two steady state solutions. Once ǫ > 1, the system goes to the solutions where Y ss > X ss which are represented by the points in the upper left corner. For these points the maximum value ofᾱ ′ is growing and one can observe that the solution is sensitive to this value. So the steady state solution into which the system falls is only sensitive to the bigger value betweenᾱ ′ 1 andᾱ ′ 2 and changes in the smaller among these two parameters has no sensible effect in the final solution.
For the case in which the calibrator falls within the region of bistability, ifᾱ 
The calibrator dynamics in the general case
The theorem of Andronov and Pontryagin [21] states that Eqs. (12-13) in the symmetrical case are structurally stable, since every fixed point is hyperbolic (its eigenvalues have a non-null real part) and there are no orbits connecting two saddles (since there is only one). Structural stability implies that the phase plane topology is preserved under small perturbations of the parameters. Hence, the phase plane of Eqs. (12) (13) in the case that α ′ x ≈ᾱ ′ y , n x ≈ n y , k x ≈ k y , β x ≈ β y andγ x ≈γ y , is topologically equivalent to that shown in Fig. 4 , meaning that there is a continuous function (homeomorphism) between both phase planes.
Changing the ratio of other structural parameters of the calibrator has similar results as in the partially symmetrical case. For a given range close to the value 1 for the ratio of each parameter ratio (n x/y , β x/y , ...) the bifurcation appears while far from the value 1 the bifurcation cannot be seen. The range is usually bigger, the bigger the values forᾱ ′ 1,2 are. In Fig. 7 we show, as an example, the range where the bifurcation appears for different values of β x /β y .
If R < 1 the orbits departing from the origin (X = Y = 0) would fall within the attraction basin of solution x L , on the other hand if R > 1 the orbits departing from the origin would fall within the attraction basin of solution x R .
Calibrator performance analysis: robustness and response time
In order to use this system to measure the relative strength between two promoters, one should keep in mind two factors. The first important factor is the right choice for the parameters of the repressor proteins and device promoter in order to have a robust system, that gives a stable response that can be easily interpreted. Second, is the time response of the device, that means, how long does the system needs to reach its steady state solution.
When the equations are written in the dimensionless form, the parameters k x and k y do not appear explicitly, see eqs. (9-10). These parameters appear implicit in the definition of the variables X and Y and in theγ parameters (which have small influence in the dynamics of the system). By choosing k x = k y the results will be easier to interpret since the fluorescence is directly related to the concentrations of the proteins x and y and, by setting k x = k y , the fluorescence intensity ratio (X/Y and Y /X) and the fluorescence intensity difference (|X −Y |) will be directly proportional to these parameter calculated with the real protein concentrations.
An experiment made with the calibrator would consist of cloning a plasmid with the calibrator genetic circuit assembled with the device promoter (whose parameters one have to choose) among known ones and with a query promoter whose parameters are unknown. The plasmid should be inserted in cells in solutions of the signaling protein at different concentrations p s . Each promoter is modeled through two parameters,ᾱ 1/2 and k 1/2 , 1/2 stand for device/query promoter. While at low p s concentrations both promoters are weak and give a weak fluorescence response, at high p s concentrations, both promoters are saturated and their strength is maximal. From the fluorescence intensities at these high concentrations of the signaling protein it is possible to establish the relative strength of the two promotersᾱ 2 /ᾱ 1 . In figures 8 and 9 we show plots of the fluorescence difference defined as |X −Y | and the fluorescence ratio X/Y for three different values ofᾱ 1 and varyinḡ α 2 at high signaling protein concentrations (the effective strength of both promoters is maximum). The first thing to note from figures 8 and 9 is that, if the query promoter is stronger than the device one, the device fluorescence (X) will be strongly suppressed, and the fluorescence intensity coming from the query promoter is proportional to its strength (the response of the system is linear). That means, choosing a weak device promoter, one can establish the relative strength of other promoters by a simple proportionality law given by the linear response plotted in figure 8 .
At each different p s concentration, the effective strength of the device and query promoters is different, see eq. (14) . The parameter that distinguishes two promoters, with respect to the p s concentration, is their Michaelis constants, k 1,2 . The parameters k 1,2 mark the rhythm at which the effective strength of each promoter grows. If a promoter has a small value of k, at low p s concentrations of the signaling protein, the promoter is already acting at full strength, while for high values of k the promoter saturates only at high values of p s . We have already established to choose a small value for the device promoterᾱ 1 , so we expect the query promoters to haveᾱ 2 >ᾱ 1 . If k 2 < k 1 , the effective strength of the query promoter is always bigger than the relative strength of the device one, and in the experiment one observes that the luminosity associated with the query promoter is stronger for any value of the signaling protein concentration p s . On the other hand, if one chooses a small value for k 1 , already at low p s concentrations the strength of the device promoter saturates, and if k 1 is small enough it saturates before the effective strength of the query promoter reaches a value bigger thanᾱ 1 . In this situation one would observe at low concentrations of p s the luminosity of the device promoter stronger than the one coming from the query promoter. Then, at some critical value of p s = p sc both strength are equal and for p s > p sc the stronger fluorescence is the one from the query promoter. For n 1 = n 2 , the value of k 2 given in units of k 1 as a function of p sc (also in units of k 1 ) is given by:
In figure 10 we show a few examples of results one might expect for different values of k 2 .
So, the construction of the calibrator device, as we present it, would be the following: first one chooses a very weak promoter which has a small Michaelis constant to act as the device promoter in the calibrator. Second step is to define a standard, to choose a known promoter, clone the calibrator device with it as query promoter and perform a measurement of the fluorescence intensity of this standard promoter at high p s concentrations. This fluorescence intensity is the standard one, to which we can compare other promoters. Now performing the experiment with another promoter acting as query promoter one obtains another value for the luminosity that we can compare with the standard one. The higher or lower this luminosity is with respect to the standard, the stronger or weaker the promoter is compared with the standard, so one can establish the value of α 2 . Knowing α 2 one can perform the same measurement for different p s concentrations in order to establish the critical value of p s where the query fluorescence becomes higher than the device one. Knowing the value of p sc it is possible to establish the value of k 2 by means of eq. 22 (assuming both promoters have the same n).
Now that we have established the ideal parameters for the device promoter (weak strength and small Michaelis constant) and set k x = k y and β x = β y the last important factor is the time response of the system.
In figure 11 we show plots for the t f , the time the systems needs to reach its steady state 1 for different values ofᾱ 1 . One observes that the time response of the system has a peak with the maximum around 30β −1
x when the effective strength of both promoters is equal and then it goes to a rather stable value close to 7β −1
x . For a realistic value of β x like 0.069 min −1 the peak value for t f is 7 hours, while for most of the measurements (the calibrator at different p s concentrations) this time should be around two hours.
Conclusions
In the present study we have proposed a biological device that works as a promoter calibrator in which the strength of a collection of query promoters can be measured against the strength of a device promoter. Some of the key features of the proposed design are its single cell character, high modularity and handy construction: a unique molecular cloning permits the change of the promoter ready to be calibrated. The designed performance of the proposed biological device has been demonstrated by means of an effective mathematical model. The sensitivity analysis of the model shows that there is a sensible relation between the relative promoter strengths and the final steady fluorescences measured by the system. Furthermore, a response time analysis shows that the device can produce a large difference in the repression protein concentrations and in turn in the corresponding fluorescence in approximately two hours.
Finally our promoter calibrator principle may lead to an improvement in the modeling and characterizations of systems in Synthetic Biology, which frequently rely on arbitrarily characterized, or even non-characterized, promoters.
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